An Ideal Gas? by Chakrabarti, J & Kogerler, R
R APID C O M M U N IC A T IO N
I n d i a n  J. Phyx. 69 A (2), 199 -  203 (1995)
I J P A
— tin micmalumal journal
An id e a l  g a s  ?
J Chakrabarli
Department of Thcoiclical Physics, Indian Association loi the Cultivation ol Sueiice.
Calcutia-700 032, India 
and
R Kogerlei
l akiillat fur Physik. 1'iiivcrMlal Bieleleld Llu lclcld 1. iY-deral Republic
(jermanv
H ei e iv e t l  rS* P e t  c m b c i  /W /, a c c e p t e d  1 3  J a n u a i v /VR5
Abstract : Assumptions ihai iJiaiauciise tin ideal jms lit iieuiiums liesi Yel. the weak 
inteiuclions in a nculuno meilium icsuli in a bclumom that is smj’iilai
Keywords : Nculimos, ideal gas vve.ik inlei\ielioiis
PACS Nos. : 11 15 Iix. II 30 Qc, 13 |S ig
Neutrinos come closest to the assumptions ol an ideal gas They are pomthke, and interact 
only over short distances Indeed, they aie so weakly interacting that ihc iiisi hint ol their 
existence came from missing ol energy and momentum in known reactions. These missing 
energies and momenta were hypothesized to reside on a particle called neulimo 111, which 
was subsequently observed [2].
Interestingly, this ’ideal gas' pervades our universe. Indeed, the neuliinos constitute 
the most abundant form of matter; a belter understanding of the collective and coherent 
behaviour of neutrinos is the key to many lacels ol contemporary inlcicsl in astrophysics, 
such as the solar neutrino problem, supcrnovac, development ol white dwails, dark matter 
and early universe [3-6].
Collective and coherent behaviour exist in all systems |7-9(, and neutrinos are no 
exception [1.0]. The neutrinos interact via the Z-boson. Even though the coupling strength is 
nut small, the range of the interaction is short, because ol the mass ol the Z-boson, which is 
about 100 GeV heavy. It would thus seem that interesting physics for neutrino matter appear 
only at scales of 100 GeV or so. At relatively modest scales, such as nucleai densities, this 
v«ew implies that a neutrino medium is of marginal interest
(O 1995 I ACS
In this work we argue that this scenario may be questioned. The polarisation of a 
medium of neutrinos, interacting via the Z-boson, is singular at ordinary densities. While one 
may attempt to explain these singularities away by proposing collective states, but that would, 
in the first place, admit new physics at ordinary densities, but more importantly, fall far short 
of the problem. The singularity of the polarisation cannot be mere collective states, but they 
have to imply a good deal more One possibility we discuss is the condensation of these 
modes and the possible consequences.
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The neutrino medium :
We have in mind, a system of neutrinos interacting by exchanging the gauge veetpr boson Z, 
of mass of around 100 GeV. The polarisation of sOch a medium has been calculated by main 
authors. For our purpose we are not interested in all the components of polarisation, but look 
at the ones that are relevant. In the rest frame of the medium these are [11]
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these quantities arc valid in the region K «  /i, the chemical potential;jwhere X  = AT0/|A’| 
The coupling strength g specifies the neutrino-Z-boson interaction vertex.
It is important to observe, for example, for the following feature. Even though the 
chemical potential fj. we are interested in, may be fairly small, this quantity in the expression 
for polarisation, is multiplied by a dimensionless logarithmic quantity that diverges around 
X = 1. The presence of this huge number in association with the chemical potential effectively 
negates the argument that important physics occur only at the Z-mass of 100 GeV. In fact, the 
physics of neutrinos is interesting at ordinary densities because of this singularity.
It is customary to look at the Green's functions of the neutrinos to try and understand 
this singularity. The exact Green's functions may be expanded in terms of the usual zeroth 
order function G° and the polarisations in the standard fashion as [11] (Mz is the mass ol the 
mass of the Z-boson; a  and f) are Lorentz indices)
G = G° + G°*C° + C0nG°nG0 +..., (3)
i.e. G = C° + G°7tC , (4)
where r °G«I3
Sap
K2 - M f
(5)
In this instance, we get for G n the following equations :
Gn = Gn + G> n Gn + G“ irI0G01> (6)
with Go, =  G 00^01G l J + G00*00G0I
(7)
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Since, tT|], 7T|q, and are all singu lar for X  — 1, Gn is d ivergent in this k inem atical 
region. T h e standard theory o f  m any particle interactions [12] then im ply the ex is ten ce  o f  
collective m od es for the neutrino m edium . Indeed, these co llective  m odes with d ispersions o f  
the type
CD =  Vk (8)
have been studied a great deal [111. The ex isten ce o f  these m odes w ou ld  then set a new  sca le  
in the theory, a sid e  from  the usual sca le  o f  the Z -boson  m ass. T his new  sca le  is directly  
(raced to the singularity o f  the polarisation function in the infrared region.
T h e  question  is : do these m odes ex ist for the neutrino m edium ? B efore w e  answ er, it 
is necessary to understand  th is q u estio n  a bit m ore. For that purpose w e  lo o k  at the  
kincmatical region.
The kinem atical region :
The polarisation  function  o f  the m edium  cannot be analytically  calculated  for the co m p lete  
kinematical region, In particular, the expressions ( l )  and (2) are valid in the region
*0-1*1 £  b . (9)
where b  «  f l .  (10)
We are therefore c lo se  to the region o f  |Aj -  0 .  The usual vacuum  polarisation effec ts  m ay  
be n eg lec ted  in th is dom ain  [1 1 ], as th ese  are sig n ifica n t for m om entum  o f  the order o f  
chem ical potential or above , w here pair creations are p ossib le . For us, the im portant part o f  
polarisation is the m any-body e ffec t i.e. the particle-hole correlations.
T he region  \K | ~ 0  is im portant in that a particle and a hole  travel w ith equal and 
opposite m om entum . T he corresponding parallel w eak currents have the usual filam entation  
instability (seen , for exa m p le , in relativ istic  electron gas) due to the B iot-Savart interactionH O ) .
T he excitations (8 ) are therefore, particle-hole m odes.
The stab ility  o f  the p a rtic le -h o le  m odes :
We now get back to the question o f  ex isten ce  o f  these particle-hole m odes.
T h e d isp ersio n  (8 ) is o f  the g a p le ss , G o ld sto n e  type; long  w av e len g th  m od es h ave  
practically the sam e energy as the ground state o f  the system , and tend to destab ilize it.
For stability o f  the m o d es, let us lo o k  at the im aginary part o f  polarisation  [11]. For 
example,
Jmjc,, - « V * 3 ©0  - l*D- (11>
This m eans that X  <  1 m o d es are unstable; they decay into particles and ho les. On the other  
hand, the X  >  1 are n on d issip ative  stab le  m odes. That m eans, in this k inem atical dom ain , all 
particle-hole correlations are stab le and perm anent; they do not decay into particles and ho les.
WA(2)-2
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This indicates the possibility of a state with a coherence length of b 1, where b is given in (9) 
and (10).
Even more remarkably, these permanent, nondissipativc modes of dispersion of type 
(H) are all tachyomc | 13]. Indeed, they travel with a group velocity greater than one, because 
X is greater than one. The possibility then is that these are, indeed, Goldstone modes, Le. , 
they condense
The scenario.
In a neutrino medium, because of the pole structure of the neutrino propagator, the, particle- 
hole, parlicle-antiparticle type correlations contribute to n. Since our investigation is restricted 
to the momenta region K  « f J L ,  only particle-hole type correlations are important. 1
The condensation of these particle hole modes may be described if the hole field is 
dclined. The neutrino hole field is given as [14] (v  is the neutrino field, y  are the Dirac 
matrices)
vi. (,2>
where the superscript C means charge con jugation and the subscript L indicates the fact that 
neutrinos are left handed. In terms of these fields, the order parameter is an elegant Lorenl/.- 
in van ant quantity
( v ^ + H . c ) .  (13)
We have demonstrated in an earlier work [10] that this quantity, indeed, is a Lorentz 
invariant.
There are two aspects of this condensate that are worth noting. First, it is 
straightforward to verify that it docs not have U( 1) invariance. Recall that we started with a 
Hamiltonian of neutrinos interacting with the Z-boson, which had an U( 1) invariance. This 
U(\) invariance is spontaneously broken, presumably by as yet unseen, Higg's boson. Since 
the condensate is not an (7(1) invariant, it also spontaneously breaks this symmetry and 
provides a mass to the Z-boson. The question naturally is : does_the Z-boson mass, at least in 
part, comes from such a neutrino condensation ?
That brings us to the second aspect of this condensation. Since the order parameter is 
made up of left-handed fields, it is once again easy to verify that the condensate (13) is not 
invariant under parity transformations. We therefore, expect the neutrino condensation to 
result in a theory of Z-interactions that does not conserve parity. Interestingly, that is 
precisely the way the Z-bosons interact.
Briefly then, in a neutrino medium, the polarisation tensor has the chemical potential 
multiplied by a dimensionless logarithmic factor that diverges in the infrared region. This 
mpkes the polarisation enormously large even for modest densities. If these gigantic 
correlations are interpreted as excitation modes, they lead to a tachyonic spectrum. A possible 
solution is that these are Goldstone modes, i.e., they condense. Such a condensation*
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because of its symmetry properties, gives a mass to the Z-boson and makes the theory parity 
nonconserving.
At moderate densities, far below the Z-boson scale, a neutrino medium is far and away 
from an ideal gas.
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